TlCuCl3 is a quantum-spin-1 2 system which shows a gap between the singlet ground state of the Cu 2+ dimers and the first excited triplet S z = +1 state for magnetic fields µ0H µ0Hc ≈ 5.5 T. At larger magnetic fields the gap is suppressed, and a Bose-Einstein condensation (BEC) of triplets is supposed to occur, leading to a magnetic phase with antiferromagnetic long-range order of the transverse spin components. In this study we calculate the fraction of condensed magnetic quasiparticles of TlCuCl3 from magnetization M (T, H)-data. At T = 0 K and in µ0H = 6 T, this fraction is ≈ 98% of the total number of triplons. It is independent of the direction of the magnetic field and slightly decreases with increasing magnetic field if we assume the presence of a small intrinsic magnetic background with S = 1 magnetic moments.
I. INTRODUCTION
Low-dimensional quantum-spin systems exhibit a variety of quantum phenomena that have gained much in interest in the last decade [1, 2, 3, 4, 5] . TlCuCl 3 , for example, is a material in which magnetic quasiparticles carrying spin S = 1 (spin triplet states, here called triplons) are believed to form a Bose-Einstein condensate (BEC) above a critical field µ 0 H c ≈ 5.5 T and at low temperatures [4, 5] . Meanwhile several other materials have been found that exhibit various features that can be explained within the framework of a condensation of quasiparticles with integer spin [6, 7, 8, 9] . The magnetic properties of TlCuCl 3 are determined by the exchange interactions between the Cu 2+ ions which are arranged in dimer pairs within Cu 2 Cl 6 -clusters. The magnetic ground state of TlCuCl 3 is a non-magnetic spin singlet that is separated from the first excited triplet state by an excitation gap ∆ ≈ 0.7 meV in zero magnetic field. This gap has been measured, for example, by neutron scattering and ESR measurements [10, 11] which revealed that this gap is due to the strong antiferromagnetic interaction J= 5.68 meV in the planar dimer of Cu 2 Cl 6 . The neighboring dimers are coupled by strong interdimer interactions along the double chain and in the (1 0 -2) plane [10, 12] . As soon as the external magnetic field H is larger than a critical field H c with gµ B µ 0 H c (T = 0) = ∆ (where * Electronic address: dellamore@physik.uzh.ch † Electronic address: schilling@physik.uzh.ch ‡ Electronic address: karl.kraemer@iac.unibe.ch µ B is the Bohr magneton and g is the Landé g-factor), the excitation gap closes due to the Zeeman splitting, and the triplet states S z = +1 are populated, eventually forming the BEC. The 3D interdimer interactions drive this quantum phase transition to finite temperatures leading to a temperature dependent critical field H c (T ). The characteristic off-diagonal long-range order of the BEC manifests itself in the antiferromagnetic ordering of the spin system in the plane perpendicular to the applied magnetic field [13] . The idea of BEC has already been used quite successfully to explain the transition of "normal" to "superfluid"
4 He [14, 15] . The strong interactions that exist in liquid 4 He may alter the nature of the transition, however. For instance, while 90-95% of the particles of an atomic ensemble are in the "superfluid" phase below the transition temperature of an atomic BEC, just a few percent (∼ 9%) of the Helium-atoms are condensed in superfluid 4 He. In this paper we focus on the condensed phase of triplons in TlCuCl 3 at magnetic fields µ 0 H c < µ 0 H < 9 T and at temperatures down to T = 1.9 K. From magnetization M (T, H) measurements we extract the density of condensed triplons at T = 0 K for H b and H [201] . Taking various possible contributions to the total magnetization into account, we show that the density of triplons forming the condensate is in fact the same for both directions [9] . We also determine the magnetic-field dependence of the fraction of triplons forming the condensate. The quantitative results presented here confirm the scenario of the formation of a weakly interacting Bose gas of triplons right above H c [5, 16] , and we conclude that the interaction increases with increasing particle density, i.e. with increasing magnetic field H. Magnetic-susceptibility measurements were performed in a commercial PPMS (Physical Property Measurements System, Quantum Design) on a TlCuCl 3 single crystal with mass m = 12.36 mg, for 1.9 K ≤ T ≤ 300 K at µ 0 H = 1 T for H b and H [201] . The susceptibility χ(T ) of TlCuCl 3 is typical for a lowdimensional spin gap system, showing a well pronounced maximum at T χmax ∼ 36 K and an exponential decrease at low temperatures indicating the existence of a gap ∆ between the ground state and the first excited triplet state, see Fig. 1 . For Heisenberg spin systems with identical spin subsystems that are weakly coupled to each other, a good fit to the data in the paramagnetic regime is provided by the molecular mean-field theory (MFT) and its extensions [17] . We therefore used this approach within the model of dimers coupled by an effective interdimer coupling J, representing the sum over all exchange coupling constants J kl for a given dimer k interacting with neighboring dimers l [17] . An additional temperature-independent diamagnetic term χ 0 which contains the orbital diamagnetic core contribution χ core (including the background contribution of the sample holder) and a paramagnetic Van Vleck contribution χ V V is also considered. Thus we fitted the magnetic susceptibility χ(T ) for temperatures T > 20 K according to
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Here,
is the susceptibility of a non-interacting spin-dimer system with single spins S = 1 2 and the intradimer coupling J. χ MF accounts for the mean-field correction [17] . For a given measured data set of χ(T )-data we therefore used four fitting parameters: χ 0 , g, J and J. We forced the values for χ 0 , J and J to be identical for both magnetic-field directions. This restriction is physically reasonable, since these three fitting parameters are independent of the magnetic-field orientation. A small anisotropy of the g-factor was considered, however, although it is not predicted by ESR measurements [11] . In fact, the obtained g-values for the two investigated crystallographic directions are the same within the error margin, see Table I . The best obtained fits are shown in Fig. 1 . They yield a good description of the experimental data for T ≥ 20 K. However, the distinct upturn in χ(T ) at lower temperatures is not at all reproduced by the fits. We believe that this term is intrinsic for TlCuCl 3 [11] and we shall discuss it in more detail in Chapter III. Note that the inclusion of a Curie-like term for fitting the data at T > 20 K does not significantly change the results presented in Table I. TABLE I: The extracted fitting parameters from χ(T ) data of TlCuCl3 (T ≥ 20 K). χ0, J and e J were forced to be identical for the two field directions.
The value of the intradimer coupling J is close to to the result obtained by neutron scattering measurements (J/k B ∼ −64 K [10] ). Unfortunately, the fit does not allow us to distinguish between the individual interaction coupling constants contributing to J in TlCuCl 3 as defined in Ref. [10] , but the fact that J ≈ J clearly shows the strong 3D coupling between the dimers. From Eq. (1a) we find that the peak value χ max = χ(T ≈ 36 K) increases with either increasing the g-factor or the intradimer coupling constant J, or by decreasing the interdimer coupling constant J. Since our value of J is consistent with published data from neutron scattering measurements [10] , the slight overshoot of the fitting curve with respect to the measured data around χ max implicates an underestimate of J and/or an overestimate of the Landé g-values, respectively. The latter scenario is supported by comparing our results to high precision ESR-measurements [11] which obtain a value of g = 2.06 for both magnetic-field directions.
III. THE LOW-TEMPERATURE MAGNETIZATION
In the theory for a BEC of magnetic quasiparticles in insulating materials, the total magnetization (to be more precise, the total magnetic moment) M = gµ B N is proportional to the total number of excited triplons N , which depends on both the temperature T and magnetic field H [5] . We therefore decided to analyze in detail the low-temperature region of the magnetization for both low magnetic fields (1 T ≤ µ 0 H µ 0 H c ) and high magnetic fields (µ 0 H c µ 0 H ≤ 9 T) using a consistent approach including adequate contributions for the respective magnetic field regions. We note here that all the magnetization data presented in this work are expressed as magnetic moment M per single Cu 2+ ion . The later used quantity m(T ) = M (T )/N d = gµ B n(T ) (where N d is the number of dimers and n(T ) = N (T )/N d is the total triplon density) differs from that by a factor 2. All values extracted from fits and calculations are presented in the latter units.
A. The magnetization M (T ) for 1T ≤ µ0H µ0Hc Fig. 2 shows the variation of M of TlCuCl 3 at low temperatures along the crystallographic b-axis and the [201]-direction, respectively, for magnetic fields up to µ 0 H = 5 T. The magnetization decreases exponentially to almost zero with decreasing temperature for both crystallographic directions, but showing an upturn at low temperatures for low magnetic fields. With increasing magnetic field the anisotropic behavior of the magnetization in the two different field orientations becomes apparent. Because for both field directions the upturn in M at low temperatures is gradually suppressed with increasing H, the magnetization curves for H [201] cross at T cross ∼ 3.2 K . For H b a similar crossing of M (T ) data cannot be seen in the analyzed temperature range, but by extrapolating the respective magnetization curves to lower temperatures a T cross below 2 K seems to be plausible. This crossing of M (T )-data is caused by the fact that the upturn in M (T ) at low temperatures does not grow linearly with H. Moreover, this upturn is quantitatively different in the two considered field directions. If this low-temperature contribution was due to an extrinsic paramagnetic impurity phase it could be expected to be isotropic. We therefore consider this behavior to be intrinsic to TlCuCl 3 . This upturn in M (T ) can be expressed as a temperature and field-dependent CurieWeiss-like term that is proportional to the Brillouin function B S (x) with x = gµ B µ 0 HS/k B T and a constant C S . Because we assume this term to be intrinsic to the here studied dimer-system, it is reasonable to assign it to magnetic moments associated with the triplet states with S = 1. A similar observation confirming this fact was reported in [11] . The magnetic-field dependence of our low-temperature data showing an almost saturated behavior in M (H) for H → H c , see Fig. 3 , can indeed be qualitatively well reproduced by a magnetization term that is proportional to a Brillouin function B S (x). The additional H-dependence as observed for H < H c and H [201] can be explained by taking again a diamagnetic term m dia = χ 0 · H and an additional paramagnetic term m HL (H) (to be discussed below) into account. However, the quality of corresponding fits to our low-temperature M (H)-data does not allow us to clearly distinguish between S=1 and S = 1 2 . Therefore, we will consider in the following both scenarios for the Curie-Weiss-like term C S · B S (x), and we will later argue that only the S = 1 case fits to our data in a physically meaningful way.
From the expression for the free energy per unit length of a Heisenberg ladder [18] 
we can estimate the magnetization per dimer by multiplying f from Eq. (2a) with a characteristic lengthā. This quantity has been suggested to correspond to an average lattice constantā = (a · b · c · sinβ) (1/3) = 0.79 nm [19] , where a, b and c and β = 96.32
• are taken from crystallographic data of TlCuCl 3 [13] . Using a simple quadratic approximation for the triplon dispersion relation, ε k ∝ ∆+ 2 k 2 /2m ⋆ (where m ⋆ corresponds to the effective mass of the triplons), one obtains [18] 
For the magnetization per dimer we therefore have
In order to analyze the upturn in M (T ) at low T , we include the above mentioned magnetization term
for fixed magnetic field H. We distinguish here between S = 1 2 (non-intrinsic paramagnetic impurities) and the scenario S = 1 (intrinsic term related to triplet states). We fitted the magnetization data at low enough temperatures (T ≤ 5 K) and 1 T≤ µ 0 H ≤5 T for both field directions according to , respectively (see text).
with g = 2.06. Because we were using the T -independent diamagnetic contribution m dia = χ 0 · H extracted from the high-temperature susceptibility fits presented above, only the gap ∆, the constant C S (for S=1 or kg is an order of magnitude smaller than compared to the results from calculations and a corresponding analysis of high-field magnetization data within the HartreeFock approximation [19] . This discrepancy might be explained by our choice ofā or by the use of the simplified quadratic energy-dispersion relation for this temperature region. The range of validity of a quadratic approximation is indeed restricted to lower temperatures (T <1 K) [16, 18, 20] that are not accessible in our experiment. The Curie-like contribution C S decreases for both cases S=1 and S = 1 2 with increasing magnetic field H. For both field directions C S (H) shows a similar trend, although the variation with H is much less pronounced for S=1. Since C S is expected to be a constant for a given magnetic-field direction, this fact already here strongly supports an S = 1 scenario for a correct description of the paramagnetic background. We may speculate that this Curie-like term with S= 1 comes from a contribution of defects in the crystal or from dimers that are situated near the crystal boundaries.
The temperature dependence of the magnetization M (T ) along the applied magnetic field H shows a cusplike minimum at a critical temperature T c (H) for fixed magnetic fields H ≥ H c , see Fig. 6 . The increase of M for T < T c is a consequence of the condensation of the magnetic quasiparticles and the increasing number of particles N c in the ground state forming the condensate. Theoretical arguments suggest within a simplified
which is not observed in the experimental data, however. At high magnetic fields we have therefore fitted the lowtemperature magnetization per dimer m(T ) according to a more general power-law including the diamagnetic contribution that we extracted from high-temperature magnetic-susceptibility measurements, and again a net paramagnetic moment m up (T, H) assumed to be proportional to the Brillouin function B S (x) for S = 1 and S = 1 2 , respectively. For 6 T≤ µ 0 H ≤9 T we use
where n crit = N (T = T c )/N d is the critical density at which condensation occurs, corresponding to the normalized magnetization m(T = T c ) = gµ B n crit . The physical meaning of the exponent α, see Fig. 7(b) , is not further discussed here, see Appendix. At zero temperature we have for fixed magnetic field H
with the total triplon density at T = 0, n(0) = n crit + n 0 . For an ideal Bose gas n(0) corresponds to the condensate density n c (0). As soon as interactions between the particles are considered, the depletion of the condensate has to be taken into account. The quantity
is then a sum of the condensate density n c (0) and the density of noncondensed particlesñ(0). The latter term (right), respectively. The critical temperature Tc is marked by arrows. The solid lines correspond to fits to the data according to Eq. (7) with S = 1 for (T < Tc). The dashed lines represent calculated M (T )-curves using Eq. (7) and the same fitting parameters but with n0=0.
represents the number of triplons per Cu 2+ dimer scattered out of the ground state due to the interactions between the particles. It depends on the number of condensed particles and can be expressed as [5] 
where we take the mass of a triplon m ⋆ ≈ 2.6 × 10 −29
kg and the two-particle interaction potential U 0 /k B ≈ 315 K from Ref. [19] . Replacingñ(0) in Eq. (9) with the expression in Eq. (10) we obtain
From our fits according to Eq. (7) and with n(0) = n crit + n 0 we can now calculate the condensate density at zero temperature n c (0) for various magnetic fields using Eq. (11), see Fig. 7 (a). As one would expect from simple arguments [5, 19] n c (0) increases with increasing magnetic field. It is essential to note that the number of triplons N c (0) = n c (0) · N d forming the condensate at T = 0 is the same for both field directions only in the S = 1 scenario for m up (T ), see Fig. 8 , and only in this scenario n c (0) extrapolates to zero at the correct critical field µ 0 H c ≈ 5.5 T. These facts again strongly support our hypothesis that m up (T ) is intrinsic with S = 1, and it confirms the interpretation of the magnetic field H acting as the chemical potential [9] . In µ 0 H = 6 T, right above the critical field H c , the percentage of the condensed particles n c (0) with respect to the total density of triplons n(0) is approximately 98% and slightly decreases with increasing magnetic field, see ), respectively. The error bars of CS are of the order of the dot size. Fig. 9 . This result is consistent with a similarly low noncondensed magnon density as calculated in Ref. [16] , whereñ(0) increases from zero for H = H c to approximately 7% of the total triplon density at T = 0 in µ 0 H = 7 T. From the high percentage of condensed particles we can confirm that the triplons in TlCuCl 3 form a weakly interacting Bose gas [16] right above H c , and that the interaction increases with increasing particle density, i.e. with increasing the magnetic field H. Finally, we want to mention that the Curie-like contribution C S is small and essentially constant for H > H c in both the S = 1 2 and the S = 1 scenarios, see Fig. 7(c) . However, the corresponding data for S = 1 are more or less smooth continuations of the respective data for H < H c , in very contrast to the C S data for S = 1 2 that show a discontinuity around H = H c , see Fig. 7(c) . The comparably moderate variation of C S with H over the whole considered range of magnetic fields for the S = 1 scenario (covering both the normal phase and the BEC obeying an entirely different physics) may indicate that C S is indeed a constant for each magnetic-field direction, and that our interpretation of a S = 1 paramagnetic background is correct.
IV. CONCLUSIONS
We have presented an analysis of magnetization M (T, H)-data of TlCuCl 3 and we calculated the density of condensed particles n c (0) at T = 0. The percentage of n c (0) with respect to the total density of triplons n(0) is approximately 98% in µ 0 H = 6 T and slightly decreases with increasing magnetic field. We demonstrated that this fraction is the same for both H b and H [201] if we assume the presence of a small number of intrinsic S = 1 magnetic moments that are not part of the Bose-Einstein condensate of triplons even at the lowest temperatures. 
